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DOMINATION NUMBER OF MIDDLE GRAPHS
FARSHAD KAZEMNEJAD, BEHNAZ PAHLAVSAY, ELISA PALEZZATO,
AND MICHELE TORIELLI
Abstract. In this paper, we study the domination number of
middle graphs. Indeed, we obtain tight bounds for this number in
terms of the order of the graphG. We also compute the domination
number of some families of graphs such as star graphs, double start
graphs, path graphs, cycle graphs, wheel graphs, complete graphs,
complete bipartite graphs and friendship graphs, explicitly. More-
over, some Nordhaus-Gaddum-like relations are presented for the
domination number of middle graphs.
Keywords: Domination number, Middle graph, Nordhaus-Gaddum-
like relation.
1. Introduction
The notion of domination and its many generalizations have been
intensively studied in graph theory and the literature on this subject
is vast, see for example [4], [5], [6], [8] and [9]. Throughout this paper,
we use standard notation for graphs and we assume that each graph is
non-empty, finite, undirected and simple. We refer to [2] as a general
reference on graph theory.
Let G be a graph with vertex set V (G) of order n and edge set E(G)
of size m. The open neighborhood of a vertex v ∈ V (G) is NG(v) =
{u ∈ V (G) | uv ∈ E(G)} and, similarly, the closed neighborhood of
a vertex v ∈ V (G) is NG[v] = NG(v) ∪ {v}. The degree of a vertex
v ∈ V (G) is defined as dG(v) = |NG(v)|. The distance dG(v, w) in G of
two vertices v, w ∈ V (G) is the length of the shortest path connecting
v and w. The diameter of G, denoted diam(G), is the shortest distance
between any two vertices in G.
Definition 1.1. A dominating set, briefly DS, of a graph G is a set
S ⊆ V (G) such that NG[v] ∩ S 6= ∅, for any vertex v ∈ V (G). The
domination number of G is the minimum cardinality of a DS of G and
it is denoted by γ(G).
For any non-empty S ⊆ V (G), we denote by G[S] the subgraph of G
induced on the vertex set S. For any v ∈ V (G), we denote by G\ v the
subgraph of G induced on the vertex set V (G)\{v}. Given two graphs
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G and H with distinct vertices, we can construct a new graph G ∪H
by imposing V (G∪H) = V (G)∪V (H) and E(G∪H) = E(G)∪E(H).
Given a graph G, its complement, denoted by G, is a graph with
vertex set V (G) such that for every two vertices v and w, vw ∈ E(G)
if and only if vw 6∈ E(G).
The line graph L(G) of a graph G is the graph with vertex set E(G),
where vertices x and y are adjacent in L(G) if and only if the corre-
sponding edges x and y share a common vertex in G.
The concept of middle graph M(G) of a graph G was introduced by
Hamada and Yoshimura in [3] as an intersection graph on the vertex
set of G.
Definition 1.2. The middle graph M(G) of a graph G is the graph
whose vertex set is V (G)∪E(G) and two vertices x, y in the vertex set
of M(G) are adjacent in M(G) in case one the following holds
(1) x, y ∈ E(G) and x, y are adjacent in G;
(2) x ∈ V (G), y ∈ E(G), and x, y are incident in G.
In other words, the middle graph M(G) of a graph G of order n
and size m is a graph of order n+m and size 2m+ |E(L(G))| which is
obtained by subdividing each edge of G exactly once and joining all the
adjacent edges of G inM(G). It is obvious thatM(G) always contains
the line graph L(G) as an induced subgraphs.
In order to avoid confusion throughout the paper, we fix a “standard”
notation for the vertex set and the edge set of the middle graphM(G).
Assume V (G) = {v1, v2, . . . , vn}, then we set V (M(G)) = V (G) ∪M,
whereM = {mij | vivj ∈ E(G)} and E(M(G)) = {vimij , vjmij | vivj ∈
E(G)} ∪ E(L(G)).
The paper proceeds as follows. In Section 2, first we present some up-
per and lower bounds for γ(M(G)) in terms of the order of the graph G,
we relate the domination number ofM(G) to the edge cover number of
G, and then we compute the domination number of the middle graphs
of the corona, 2-corona and the join of graphs. In Section 3, we compute
explicitly γ(M(G)) for several known families of graphs: star graphs,
double star graphs, path graphs, cycle graphs, wheel graphs, complete
graphs, complete bipartite graphs and friendship graphs. Finally, in
the last Section we present some Nordhaus-Gaddum like relations for
the domination number of middle graphs.
2. Domination number of middle graphs
We start our study of domination numbers of middle graph with two
key Lemmas.
Lemma 2.1. Let G be a graph of order n ≥ 2 without isolated vertices
and S a dominating set of M(G). Then there exists S ′ ⊆ E(G) a
dominating set of M(G) with |S ′| ≤ |S|.
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Proof. If S ⊆ E(G), then take S ′ = S. On the other hand, assume that
there exists v ∈ S ∩ V (G). If all incident edges to v are already in S,
then take S1 = S \{v}. Otherwise, let e ∈ E(G)\S an edge incident to
v. Then consider S1 = (S ∪ {e}) \ {v}. By construction, S1 is again a
dominating set ofM(G). Since S is finite, then this process terminates
after a finite number of steps, and hence we obtain the described S ′.

Lemma 2.2. Let G be a graph of order n ≥ 2 and v ∈ V (G). Then
γ(M(G \ v)) ≤ γ(M(G)) ≤ γ(M(G \ v)) + 1.
Proof. For any dominating set S of M(G \ v), we have that S ∪ {v} is
a dominating set of M(G), and hence γ(M(G)) ≤ γ(M(G \ v)) + 1.
On the other hand, let S be a minimal dominating set ofM(G). If v
is an isolated vertex, then v ∈ S and S\{v} is a minimal dominating set
ofM(G\v). This implies that in this case γ(M(G)) = γ(M(G\v))+1.
Assume that G has no isolated vertices. By Lemma 2.1, we can assume
that S ⊆ E(G). Consider Sv = NM(G)(v)∩ S. Since S is a dominating
set, |Sv| ≥ 1. Assume Sv = {e1, . . . , ek}. For any 1 ≤ i ≤ k, ei is an
edge of G of the form wiv. Define S
′ = (S \ Sv) ∪ {w1, . . . , wk}. By
construction S ′ is a dominating set of M(G \ v) with |S ′| = |S|, and
hence γ(M(G \ v)) ≤ γ(M(G)).

We start our study of the domination number by describing a lower
and an upper bound for the domination number of the middle graph
of a tree.
Theorem 2.3. Let T be a tree with n ≥ 2 vertices. Then
⌈
n
2
⌉ ≤ γ(M(T )) ≤ n− 1.
Proof. Let S be a dominating set of M(T ). By Lemma 2.1, we can
assume that S ⊆ E(T ). This implies that |S| ≤ |E(T )| = n − 1,
proving the second inequality.
Assume that there exists S a dominating set ofM(T ) with |S| < ⌈n
2
⌉.
By Lemma 2.1, we can assume that S ⊆ E(T ), this implies that VS the
set of vertices of T that are incident to at least one edge in S satisfies
|VS| < n, and hence there exists at least one v ∈ V (T ) ⊆ V (M(T )) not
dominated by S, proving the first inequality.

If we denote by leaf(T ) = {v ∈ V (T ) | dT (v) = 1} the set of leaves
of a tree T , then we have the following result.
Proposition 2.4. Let T be a tree with n ≥ 2 vertices. Then
γ(M(T )) ≥ | leaf(T )|.
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Proof. To fix the notation, assume leaf(T ) = {v1, . . . , vk}, for some k ≤
n, and let S be a dominating set of M(T ). Then, for each i = 1, . . . , k,
S ∩ NM(T )[vi] 6= ∅. Since, if i 6= j, then NM(T )[vj ] ∩ NM(T )[vi] = ∅, we
have that |S| ≥ k. This implies that γ(M(T )) ≥ k = | leaf(T )|.

If we specialize the class of trees that we are considering, we obtain
an exact value for the domination number.
Theorem 2.5. Let T be a tree of order n ≥ 4 with diam(T ) = 3. Then
γ(M(T )) = n− 2.
Proof. Since by assumption diam(T ) = 3, then T is a tree which is
obtained by joining with an extra edge the central vertex vn−1 of a tree
K1,p and the central vertex vn of a tree K1,q where p+ q = n− 2.
Let leaf(K1,p) = {vi | 1 ≤ i ≤ p}, leaf(K1,q) = {vi | p + 1 ≤
i ≤ p + q} and leaf(G) = leaf(K1,p) ∪ leaf(K1,q) be the sets of leaves
of K1,p, K1,q and G, respectively. Obviously, | leaf(G)| = n − 2 and
V (T ) = leaf(G) ∪ {vn−1, vn}.
Let S be a dominating set ofM(T ). Since NM(G)[vi]∩NM(G)[vj ] = ∅
for every distinct vi, vj ∈ leaf(G), we have |S| ≥ n − 2, and hence
γ(M(T )) ≥ n− 2.
On the other hand, if we consider S = {mi(n−1) | 1 ≤ i ≤ p} ∪
{min | p + 1 ≤ i ≤ n − 2}, then S is a dominating set of M(T ) with
|S| = n− 2, and hence γ(M(T )) ≤ n− 2.

Since path graphs are special type of trees, in general for a tree T ,
γ(M(T )) = n − 2 does not imply diam(T ) = 3, as the next example
shows.
Example 2.6. Consider the path graph P5. Then diam(P5) = 4 and
γ(M(P5)) = 3 = n− 2.
Next we describe a lower and an upper bound for the domination
number of the middle graph of an arbitrary graph.
Theorem 2.7. Let G be a graph with n ≥ 2 vertices. Assume G has
no isolated vertices, then
⌈
n
2
⌉ ≤ γ(M(G)) ≤ n− 1.
Proof. Assume first that G is connected. Let T be a spanning tree of G,
and S a minimal dominating set ofM(T ). By Theorem 2.3, |S| ≤ n−1,
and by Lemma 2.1, we can assume that S ⊆ E(T ) ⊆ E(G). By con-
struction, S is also a dominating set of M(G), and hence γ(M(G)) ≤
n − 1. Assume that G has k + 1 ≥ 2 connected components. Then
we can apply the previous argument to each connected component and
obtain γ(M(G)) ≤ n− 1− k.
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To prove the first inequality, assume that there exists S a dominating
set of M(G) with |S| < ⌈n
2
⌉. By Lemma 2.1, we can assume that
S ⊆ E(G), this implies that VS the set of vertices of G that are incident
to at least one edge in S satisfies |VS| < n, and hence there exists at
least one v ∈ V (G) ⊆ V (M(G)) not dominated by S, proving the first
inequality. 
Remark 2.8. The proof of Theorem 2.7 shows that if G is a graph
with k + 1 connected components, then γ(M(G)) ≤ n− 1− k.
Definition 2.9. An edge cover of a graph G is a set of edges S ⊆ E(G)
such that every vertex of G is incident to at least one edge in S. The
edge cover number of G, denoted by ρ(G), is the minimum cardinality
of an edge cover of G.
Using Lemma 2.1, we can relate the domination number of a middle
graph and the edge cover number of the original graph.
Theorem 2.10. Let G be a graph of order n ≥ 2 with no isolated
vertex. Then
γ(M(G)) = ρ(G).
Proof. To fix the notation, assume V (G) = {v1, . . . , vn}. Let S be a
minimum edge cover of G. Then NM(G)(vi) ∩ S 6= ∅ for all 1 ≤ i ≤ n.
This implies that for all 1 ≤ i ≤ n, there exist an index k 6= i such
that mik ∈ NM(G)(vi) ∩ S, and hence NM(G)[mrs] ∩ S 6= ∅ for every
mrs ∈ V (M(G)). This implies that S is a dominating set of M(G),
and hence that γ(M(G)) ≤ ρ(G).
On the other hand, let S be a minimal dominating set of M(G). By
Lemma 2.1, we can assume that S ⊆ E(G). Since S dominates every
vertex of G, we have NM(G)(vi) ∩ S 6= ∅, for every 1 ≤ i ≤ n. This
implies that S is an edge cover of G, and hence γ(M(G)) ≥ ρ(G).

Definition 2.11. The corona G ◦ K1 (also denoted by cor(G)) of a
graph G is the graph of order 2|V (G)| obtained from G by adding a
pendant edge to each vertex of G. The 2-corona G ◦ P2 of G is the
graph of order 3|V (G)| obtained from G by attaching a path of length
2 to each vertex of G so that the resulting paths are vertex-disjoint.
Theorem 2.12. For any connected graph G of order n ≥ 2,
γ(M(G ◦K1)) = n.
Proof. To fix the notation, assume V (G) = {v1, . . . , vn}. Then V (G ◦
K1) = {v1, . . . , v2n} and E(G ◦ K1) = {v1vn+1, . . . , vnv2n} ∪ E(G).
Then V (M(G ◦K1)) = V (G ◦K1)∪M, where M = {mi(n+i) | 1 ≤ i ≤
n} ∪ {mij | vivj ∈ E(G)}.
If we consider S = {mi(n+i) | 1 ≤ i ≤ n}, then S is a dominating
set of M(G ◦K1) with |S| = n, and hence γ(M(G ◦K1)) ≤ n. On the
other hand, by Theorem 2.7, γ(M(G ◦K1)) ≥ ⌈
2n
2
⌉ = n.
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
Theorem 2.13. For any connected graph G of order n ≥ 2,
γ(M(G ◦ P2)) = n + γ(M(G)).
Proof. To fix the notation, assume V (G) = {v1, . . . , vn}. Then V (G ◦
P2) = {v1, . . . , v3n} and E(G ◦ P2) = {vivn+i, vn+iv2n+i | 1 ≤ i ≤
n} ∪ E(G). Then V (M(G ◦ P2)) = V (G ◦ P2) ∪ M, where M =
{mi(n+i), m(n+i)(2n+i) | 1 ≤ i ≤ n} ∪ {mij | vivj ∈ E(G)}.
Let S be a dominating set of M(G ◦ P2). By Lemma 2.1, we can
assume that S ⊆ M. Since dG◦P2(v2n+i) = 1, for every 1 ≤ i ≤ n,
we have m(n+i)(2n+i) ∈ S for every 1 ≤ i ≤ n. In addition, since
NM(G)[vi] ∩ {m(n+j)(2n+j) | 1 ≤ j ≤ n} = ∅, for all 1 ≤ i ≤ n, we have
|S| ≥ n+ γ(M(G)).
On the other hand, if S ′ is a minimal dominating set of M(G), then
S = S ′ ∪ {m(n+i)(2n+i) | 1 ≤ i ≤ n} is a dominating set of M(G ◦ P2)
with |S| = n + γ(M(G)), and hence γ(M(G ◦ P2)) ≤ n + γ(M(G)).

Definition 2.14. The join G+H of two graphs G and H is the graph
with vertex set V (G +H) = V (G) ∪ V (H) and edge set E(G +H) =
E(G) ∪ E(H) ∪ {vw | v ∈ V (G), w ∈ V (H)}.
In the next series of theorems, we study the domination number of
the middle graph of the join of a graph with Kp.
Theorem 2.15. For any connected graph G of order n ≥ 2 and any
integer p ≥ n,
γ(M(G+Kp)) = p.
Proof. To fix the notation, assume V (G) = {v1, . . . , vn} and V (Kp) =
{vn+1, . . . , vn+p}. Then V (M(G+Kp)) = V (G+Kp)∪M1∪M2 where
M1 = {mij | vivj ∈ E(G)} andM2 = {mi(n+j) | 1 ≤ i ≤ n, 1 ≤ j ≤ p}.
Let S be a dominating set of M(G + Kp). By Lemma 2.1, we
can assume S ⊆ M1 ∪ M2. Since, if j 6= k, NM(G+Kp)(vn+j) ∩
NM(G+Kp)(vn+k) = ∅, then for every 1 ≤ j ≤ p there exists 1 ≤
i ≤ n such that mi(n+j) ∈ S, and hence |S| ≥ p. This implies that
γ(M(G +Kp)) ≥ p.
On the other hand, if we consider S = {mi(n+i) | 1 ≤ i ≤ n} ∪
{m1(n+j) | n + 1 ≤ j ≤ p}, then S is a dominating set of M(G +Kp)
with |S| = p, and hence γ(M(G+Kp)) ≤ p.

Theorem 2.16. For any connected graph G of order n ≥ 2 and any
integer p < n,
⌈
n+ p
2
⌉ ≤ γ(M(G +Kp)) ≤ n.
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Proof. The first inequality follows directly from Theorem 2.7. On the
other hand, using the same notation as in the proof of Theorem 2.15,
if we consider S = {mi(n+i) | 1 ≤ i ≤ p} ∪ {vj | p+ 1 ≤ j ≤ n}, then S
is a dominating set of M(G +Kp) with |S| = n, and hence we obtain
the second inequality. 
Remark 2.17. Both inequalities in Theorem 2.16 are sharp. In fact,
if G = C4 and p = 2, then a direct computation shows that γ(M(C4 +
K2)) = 3 = ⌈
n+p
2
⌉. Moreover, if G = C4 and p = 3, then γ(M(C4 +
K3)) = 4 = n. See also Corollary 3.12.
Theorem 2.18. For any connected graph G of order n ≥ 2 and any
integer p < n,
γ(M(G +Kp)) = p+min{γ(M(G[A])) | A ⊆ V (G), |A| = n− p}.
Proof. Let A0 ⊂ V (G) be such that |A0| = n − p and γ(M(G[A0])) =
min{γ(M(G[A])) | A ⊆ V (G), |A| = n−p}. Without loss of generality,
we can assume that A0 = {vp+1, . . . , vn}. Let S
′ be a minimal domi-
nating set of M(G[A0]). Then, using the same notation as in the proof
of Theorem 2.15, if we consider S = {mi(n+i) | 1 ≤ i ≤ p}∪S
′, we have
that S is a dominating set of M(G+Kp) with |S| = p+ γ(M(G[A0])),
and hence γ(M(G +Kp)) ≤ p + min{γ(M(G[A])) | A ⊆ V (G), |A| =
n− p}.
On the other hand, let S be a dominating set of M(G + Kp). By
Lemma 2.1, we can assume S ⊆M1∪M2. Since in G+Kp each vertex
of V (Kp) is adjacent only to vertices in V (G), we have |S ∩M2| ≥ p.
Moreover, let V ′ ⊂ V (G) be the set of vertices not dominated by
S ∩ M2, then S ∩ E(G[V
′]) is a dominating set of M(G[V ′]). This
implies that |S| ≥ p+min{γ(M(G[A])) | A ⊆ V (G), |A| = n− p}, and
hence γ(M(G+Kp)) ≥ p+min{γ(M(G[A])) | A ⊆ V (G), |A| = n−p}.

3. Middle graph of known graphs and their domination
number
In this section, we obtain the domination number of the middle graph
of some special families of graphs.
Proposition 3.1. For any star graph K1,n on n + 1 ≥ 2 vertices, we
have
γ(M(K1,n)) = n.
Proof. To fix the notation, assume V (K1,n) = {v0, v1, . . . , vn} and
E(K1,n) = {v0v1, v0v2, . . . , v0vn}. Then V (M(K1,n)) = V (K1,n) ∪M,
where M = {mi | 1 ≤ i ≤ n}.
If S =M, then S is a dominating set of M(K1,n) with |S| = n, and
hence γ(M(K1,n)) ≤ n. On the other hand, since K1,n is a tree, we can
apply Proposition 2.4 and obtain γ(M(K1,n)) ≥ | leaf(K1,n)| = n.
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
Theorem 3.2. Let G be a connected graph of order n ≥ 4. Then
G = K1,n−1 if and only if γ(M(G)) = n− 1.
Proof. If G = K1,n−1, then γ(M(G)) = n− 1 by Proposition 3.1.
On the other hand, let G be a connected graph such that γ(M(G)) =
n−1. To fix the notation, assume V (G) = {v1, . . . , vn} and V (M(G)) =
V (G) ∪M, where M = {mij | vivj ∈ E(G)}. If G 6= K1,n−1, then G
has G′ a subgraph isomorphic to P4. Without loss of generality, we can
assume that V (G′) = {v1, . . . , v4}. Then S = {m12, m34}∪{v5, . . . , vn}
is a dominating set of M(G) with |S| = n − 2, and hence γ(M(G)) ≤
n− 2. Hence, this is a contradiction.

Putting together Theorems 2.7 and 3.2, we obtain the following re-
sult.
Corollary 3.3. Let G be a connected graph of order n ≥ 4. Assume
that G 6= K1,n−1, then
γ(M(G)) ≤ n− 2.
In the following result, we compute the domination number of the
middle graph of the join of K1,n with Kp.
Proposition 3.4. For any star graph K1,n on n + 1 ≥ 2 vertices, we
have
γ(M(K1,n +Kp)) = max{n, p}.
Proof. If p ≥ n, then the statement is a consequence of Theorem 2.15.
Assume p < n. To fix the notation, assume V (K1,n) = {v0, v1, . . . , vn}
and V (Kp) = {vn+1, . . . , vn+p}. Then V (M(K1,n+Kp)) = {v0, . . . vn+p}∪
M, where M = {mi | 1 ≤ i ≤ n} ∪ {mi(n+j) | 0 ≤ i ≤ n, 1 ≤ j ≤
p}. Let S be a dominating set of M(K1,n + Kp). By Lemma 2.1,
we can assume that S ⊂ M. Since, if 1 ≤ i < j ≤ n, we have
(NM(K1,n+Kp)(vi)∩M)∩(NM(K1,n+Kp)(vj)∩M) = ∅, then |S| ≥ n. This
implies that γ(M(K1,n +Kp)) ≥ n. On the other hand, if we consider
S = {mi(n+i) | 1 ≤ i ≤ p}∪{mi | p+1 ≤ i ≤ n}, then S is a dominating
set of M(K1,n +Kp) with |S| = n, and hence γ(M(K1,n +Kp)) ≤ n.

Next we calculate the domination number of double star graph S1,n,n.
Notice that the graph S1,n,n is important because it is an example of a
non-complete bipartite graph.
Definition 3.5. A double star graph S1,n,n is obtained from the star
graph K1,n by replacing every edge with a path of length 2.
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Figure 1. The double star graph S1,4,4
Proposition 3.6. For any double star graph S1,n,n on 2n+1 vertices,
with n ≥ 2, we have
γ(M(S1,n,n)) = n + 1.
Proof. To fix the notation, assume V (S1,n,n) = {v0, v1, . . . , v2n} and
E(S1,n,n) = {v0vi, vivn+i | 1 ≤ i ≤ n}. Then V (M(S1,n,n)) = V (S1,n,n)∪
M, where M = {mi, mi(n+i) | 1 ≤ i ≤ n}.
If S = {mi(n+i) | 1 ≤ i ≤ n} ∪ {v0}, then S is a dominating set of
M(S1,n,n) with |S| = n + 1, and hence γ(M(S1,n,n)) ≤ n + 1. On the
other hand, by Theorem 2.7, γ(M(S1,n,n)) ≥ ⌈
2n+1
2
⌉ = n+ 1.

Proposition 3.7. For any path Pn of order n ≥ 2, we have
γ(M(Pn)) = ⌈
n
2
⌉.
Proof. To fix the notation, assume V (Pn) = {v1, . . . , vn} and E(Pn) =
{v1v2, v2v3, . . . , vn−1vn}. Then V (M(Pn)) = V (Pn) ∪M, where M =
{mi(i+1) | 1 ≤ i ≤ n− 1}.
Assume that n is even and consider S = {m12, m34, . . . , m(n−1)n}.
Then S is a dominating set for M(Pn) with |S| =
n
2
. Similarly, if n
is odd, consider S = {m12, m34, . . . , m(n−2)(n−1), m(n−1)n}. Then S is a
dominating set for M(Pn) with |S| =
n−1
2
+ 1 = ⌈n
2
⌉. This shows that
γ(M(Pn)) ≤ ⌈
n
2
⌉. On the other hand, by Theorem 2.3, γ(M(Pn)) ≥
⌈n
2
⌉.

Remark 3.8. Since the star graphs and the path graphs are examples
of trees, by Propositions 3.1 and 3.7, the inequalities of Theorems 2.3
and 2.7 are all sharp.
Using Theorem 2.7 and Proposition 3.7 we obtain the following re-
sult.
Theorem 3.9. Let G be a graph with n ≥ 2 vertices. If G has a
subgraph isomorphic to Pn, then
γ(M(G)) = ⌈
n
2
⌉.
Proof. By Theorem 2.7, we only need to show that γ(M(G)) ≤ ⌈n
2
⌉. By
assumption, G has G′ a subgraph isomorphic to Pn. By Lemma 2.1 and
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Proposition 3.7, there exists S ⊆ E(G′) ⊆ E(G) a minimal dominating
set of M(G′) with |S| = ⌈n
2
⌉. By construction, S is also a dominating
set of M(G), and hence γ(M(G)) ≤ ⌈n
2
⌉. 
Notice that in general the opposite implication of Theorem 3.9 is
false, in fact we have the following example.
Example 3.10. Let G be the graph in Figure 2. Then a direct com-
putation shows that γ(M(G)) = 3 = ⌈5
2
⌉, but G has no subgraphs
isomorphic to P5.
Figure 2. A tree on 5 vertices
Since any cycle graph Cn, any wheel graph Wn and any complete
graph Kn contain a subgraph isomorphic to Pn, Theorem 3.9 gives us
the following result.
Corollary 3.11. Let n ≥ 3. Then
γ(M(Cn)) = γ(M(Wn)) = γ(M(Kn)) = ⌈
n
2
⌉.
As a consequence of Theorem 3.9, we can also compute the domina-
tion number of the middle graph of the join of a graph with Kp, for
several known families.
Corollary 3.12. Let n ≥ 3 and p < n. If G is a path graph Pn, a
cycle graph Cn, a wheel graph Wn or a complete graph Kn, then
γ(M(G +Kp)) = ⌈
n+ p
2
⌉.
Proof. Under our assumption, the graph G +Kp contains a subgraph
isomorphic to Pn+p, and hence Theorem 3.9 gives us the result.

Figure 3. The complete bipartite graph K2,3
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Proposition 3.13. LetKn1,n2 be the complete bipartite graph with n2 ≥
n1 ≥ 1. Then
γ(M(Kn1,n2)) = n2.
Proof. To fix the notation, assume V (Kn1,n2) = {v1, . . . , vn1, u1, . . . , un2}
and E(Kn1,n2) = {viuj | 1 ≤ i ≤ n1, 1 ≤ j ≤ n2}. Then V (M(Kn1,n2)) =
V (Kn1,n2) ∪M, where M = {mij | 1 ≤ i ≤ n1, 1 ≤ j ≤ n2}. Consider
S = {m11, m22, . . . , mn1n1}∪{mn1(n1+1), mn1(n1+2), . . . , mn1n2}. By con-
struction, S is a dominating set of M(Kn1,n2) and |S| = n1+n2−n1 =
n2. This implies that γ(M(Kn1,n2)) ≤ n2.
On the other hand, if S is a dominating set for M(Kn1,n2), then
it dominates u1, . . . , un2 that are all disconnected. This implies that
γ(M(Kn1,n2)) ≥ n2. 
Notice that if we consider the case when n1 = 1, the previous result
gives us Proposition 3.1.
Definition 3.14. The friendship graph Fn of order 2n+ 1 is obtained
by joining n copies of the cycle graph C3 with a common vertex.
Figure 4. The friendship graph F4
Proposition 3.15. Let Fn be the friendship graph with n ≥ 2. Then
γ(M(Fn)) = n+ 1.
Proof. To fix the notation, assume V (Fn) = {v0, v1, . . . , v2n} and E(Fn) =
{v0v1, v0v2, . . . , v0v2n} ∪ {v1v2, v3v4, . . . , v2n−1v2n}. Then V (M(Fn)) =
V (Fn) ∪ M, where M = {mi | 1 ≤ i ≤ 2n} ∪ {mi(i+1) | 1 ≤ i ≤
2n− 1 and i is odd}.
Consider S = {mi(i+1) | 1 ≤ i ≤ 2n−1 and i is odd}∪{v0}. Then S
is a dominating set forM(Fn) with |S| = n+1, and hence, γ(M(Fn)) ≤
n+1. On the other hand, by Theorem 2.7, γ(M(Fn)) ≥ ⌈
2n+1
2
⌉ = n+1.

4. Nordhaus-Gaddum relations
In [7], Nordhaus and Gaddum gave lower and upper bounds on the
sum and the product of the chromatic number of a graph and its com-
plement, in terms of the order of the graph. Since then, lower and upper
bounds on the sum and the product of many other graph invariants,
like domination and total domination numbers, have been proposed by
several authors. See [1] for a survey on the subject.
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In this section, we study Nordhaus-Gaddum relations for the domi-
nation number of middle graphs.
Theorem 4.1. Let G be a graph on n ≥ 2 vertices. Assume that the
graphs G and G have no isolated vertices. Then
2(n− 2) ≥ γ(M(G)) + γ(M(G)) ≥ 2⌈
n
2
⌉
and
(n− 2)2 ≥ γ(M(G)) · γ(M(G)) ≥ (⌈
n
2
⌉)2.
Proof. By Theorem 3.2, if γ(M(G)) = n − 1, then G = K1,n−1 and
hence, G has an isolated vertex. Similarly, if γ(M(G)) = n−1, then G
has an isolated vertex. This fact implies that, under our assumptions,
(n − 2) ≥ γ(M(G)) and (n − 2) ≥ γ(M(G)). On the other hand,
Theorem 2.7 implies that γ(M(G)) ≥ ⌈n
2
⌉ and γ(M(G)) ≥ ⌈n
2
⌉.

Notice that all the inequalities of Theorem 4.1 are sharp, in fact we
have the following example.
Example 4.2. Consider the graph C4 in Figure 5. Then by Corol-
lary 3.11, we have γ(M(C4)) = 2. On the other hand, C4 = 2K2, i.e.
it is two distinct copies of the graph K2, and hence, by Corollary 3.11,
we have γ(M(C4)) = 2. Since n = 4, then 4 = γ(M(C4))+γ(M(C4)) =
γ(M(C4)) · γ(M(C4)) = 2(n− 2) = 2⌈
n
2
⌉ = (n− 2)2 = (⌈n
2
⌉)2.
Figure 5. The graphs C4 and C4
Notice that the results of Section 3 allow us to compute exactly
γ(M(G)) + γ(M(G)) and γ(M(G)) · γ(M(G)) for several graphs, as
the following examples show.
Example 4.3. Consider the graph G = K1,n with n + 1 ≥ 2. Then
G = Kn ∪ K1. By Proposition 3.1 and Corollary 3.11, γ(M(G)) +
γ(M(G)) = n+ ⌈n
2
⌉+ 1 and γ(M(G)) · γ(M(G)) = n(⌈n
2
⌉+ 1).
Example 4.4. Consider the graph G = Kn with n ≥ 2. Then by Corol-
lary 3.11, γ(M(G)) + γ(M(G)) = ⌈n
2
⌉+ n and γ(M(G)) · γ(M(G)) =
n(⌈n
2
⌉).
Example 4.5. Consider the graph G = Pn with n ≥ 2. The graph G
has a subgraph isomorphic to Pn. By Proposition 3.7 and Theorem 3.9,
γ(M(G)) + γ(M(G)) = 2(⌈n
2
⌉) and γ(M(G)) · γ(M(G)) = (⌈n
2
⌉)2.
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